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ABSTRACT 

 

In this study we follow Richard Feynman's path integral formulationand use basic principles in Mathematics and Classical Mechanics 

(CM) to derive the differential time independent Schrödinger Wave Equation.By proper assumptions of constants, we then obtain an 
analytical solution of the time independent Schrödinger Equation in three dimensional Cartesian Coordinates using the differential 

Transformation Method (DTM) after separating the variables of the mentioned equation. 
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INTRODUCTION 

 

 As this study is about solving and deriving the 

time independent Schrödinger wave equation, we 

will introduce a short brief of the wave function and 

the roots of the concept of probability in quantum 

mechanics. 

 In classical mechanics we consider that we can 

measure the dynamic variables of a certain system, 

where there are no limits for the accuracy we could 

achieve when measuring these variables, and since 

then, scientists have been developing and improving 

measuring methods to obtain more accuracy.  

 However we were forced to abandon this idea as 

Werner Heisenberg introduced the uncertainty 

principle. It states that the more precisely the position 

of some particle is determined, the less precisely its 

momentum can be known, and vice versa[1]. The 

formal inequality relating the standard deviation of 

position and the standard deviation of momentum 

was derived by Earle HesseKennard[2]. Later that 

year and by Hermann Weyl[3] in 1928. 

 As a consequence of the uncertainty principle 

Max Born introduced a probabilistic approach to the 

wave function in 1928. One of the most important 

attempts to derive the probabilistic wave function 

was done by Erwin Schrödinger. In quantum 

mechanics, the Schrödinger equation is a partial 

differential equation that describes how the quantum 

state of a physical system changes with time. It was 

formulated in late 1925, and published in 1926, by 

the Austrian physicist Erwin Schrödinger[4]. 
 A further crucial concept in quantum mechanics 

was then developed by Richard Feynman, namely the 

path integral formulation. The path integral 

formulation of quantum mechanics is a description of 

quantum theory which generalizes the action 

principle of classical mechanics. It replaces the 

classical notion of a single, unique trajectory for a 

system with a sum, or functional integral, over an 

infinity of possible trajectories to compute a quantum 

amplitude. 

 The basic idea of the path integral formulation 

can be traced back to Norbert Wiener, who 

introduced the Wiener integral for solving problems 

in diffusion and Brownian motion [5]. This idea was 

extended to the use of the Lagrangian in quantum 

mechanics by P.A.M. Dirac in his 1933 paper [6]. 



32                         Yahya Saleh and Saleh Mulhem, 2015 /Journal Of Applied Sciences Research 11(12), July, Pages: 31-35 

The complete method was developed in 1948 by 

Richard Feynman. 

 For solving high order equations many 

numerical methods were proven to be effective and 

reliable. One of which is Differential Transformation 

Method (DTM), which we will use to solve the 

Schrödinger equation. In [7] Zhou solved both linear 

and nonlinear initial value problems (IVPs) that arise 

in electrical circuit analysis. The DTM is mainly 

used to obtain approximate solutions for high order 

differential equations. To solve the Schrödinger 

equation we assumed that the solution of the PDE is 

a product of three terms, thus we managed to 

separate the variables of the equation and to obtain 

three ODEs. Applying the DTM method on these 

equations, and by proper assumptions of constants, 

we managed in this study to obtain an analytical 

solution for a Schrödinger Equation under boundary 

conditions. The solution we presented in this study 

could be generalized as an effective way to solve a 

class of PDEs, on which the DTM is applicable.  

 The study is organized as follows. In section 2 

we present basic principles in mathematics and 

classical mechanics. We then derive the second 

Newton’s equation, as well as the time independent 

Schrödinger equation using the path integral 

formulation in section 3. We finally solve the derived 

equation using the DTM in section 4. 

 

2. Basic Principles in Mathematics and classical 

Mechanics: 

2.1. Euler Equation: 

 A proper idea to start with is the brachistochrone 

problem posed by Johann Bernouli in 1696.  

 The brachistochrone problem could be stated as 

follows: 

 Given two points A and B, with A not lower 

than B, only one upside down cycloid passes through 

both points, has a vertical tangent line at A, and has 

no maximum points between A and B: the 

brachistochrone curve. The curve does not depend on 

the body’s mass or on the strength of the 

gravitational constant. 

 Johann Bernoulli published his solution in May 

1697, and noted that the solution is the same curve as 

Huygens’s brachistochrone curve. After deriving the 

differential equation for the curve by the method 

given above, he went on to show that it does yield a 

cycloid.[8][9]In his paper Jakob Bernoulli gave a 

proof of the condition for least time similar to that 

above before showing that its solution is a 

cycloid.[8] 
 In an attempt to outdo his brother, Jakob 

Bernoulli created a harder version of the 

brachistochrone problem. In solving it, he developed 

new methods that were refined by Leonhard Euler 

into what the latter called (in 1766) the calculus of 

variations. Joseph-Louis Lagrange did further work 

that resulted in modern infinitesimal calculus. 

 The problem can be solved with the tools from 

the calculus of variations and optimal control.[10] 
 

Definition 1. 11 : 
 Let I be a functional of the form, 

I =  H(x, y, y′). dx
x2

x1
                         (1) 

where H is a continuous function, and its derivatives 

are also continuous in an area D in the two 

dimensional Cartesian coordinates (𝑥, 𝑦)  for any 

value of y′. Further on, let the class 𝐶1 be a class of 

functions, whose derivatives are continuous in an 

interval [𝑥1, 𝑥2].  
 

Definition 2.[11]: 

 For a certain curve 𝑦(𝑥), the functional 𝐼 value 

is a maximum or minimum in the area D, if 𝑦(𝑥) 

fulfills: 
∂H

∂Y
−

∂

∂x
 

∂H

∂y′ = 0                                                    (2) 

 

2.2. Lagrange function and Hamilton-Jacobi 

equation: 

 In an approach presented by Lagrange, he said 

that the shortest trajectory between two points in 

space is equivalent to the minimum amount of 

energy consumed in this motion. According to this 

idea, what is known now as the Lagrange Function 

was defined as follows, 

L = K − U                                                               (3) 

WhereK is the kinetic energy, and U is the potential 

energy. 

 In cooperation with Carl Gustav Jacob Jacobi, 

Hamilton then developed a differential equation that 

is now very important in the calculus of variations.  

The Hamilton-Jacobi equation could be stated as 

follows, 
∂𝑠

∂𝑡
+

1

2𝑚
 

∂𝑠

∂𝑥
 

2

+ 𝑈 = 0                                            (4) 

 

3. Feynman approach of quantum mechanics[12]: 
3.1. Deriving the second newton equation from the 

Lagrange function: 

 According to Lagrange, the physical trajectory 

of a moving body between two pointsin its motion 

between two time values t1 and t2, is a minimum 

value of the following integral, 

𝑠 =  𝐿. 𝑑𝑡
𝑡2

𝑡1
=  (𝑘 − 𝑈). 𝑑𝑡

𝑡2

𝑡1
           (5) 

 For a simple case where the mass of the body is 

constant, and the potential energy 𝑈 depends only on 

the 𝑥  coordinate, the integral could be calculated 

according to (2) as follows, 

 
∂𝐿

∂𝑥
−

∂

∂𝑡
 
∂𝐿

∂𝑣
 = 0 

Thus, 

∂ K − U 

∂x
−

∂

∂t
 
∂ K − U 

∂v
 = 0 

and, 



33                         Yahya Saleh and Saleh Mulhem, 2015 /Journal Of Applied Sciences Research 11(12), July, Pages: 31-35 

 −
∂U

∂x
=

∂

∂t
. mv   

Assuming the mass 𝑚 is constant, 

F = m. a                                                     (6) 

which is the second Newton’s equation. 

3.2. Deriving the time independent Schrödinger 

equation from the Lagrange function, and the 

Hamilton-Jacobi equation: 

Schrödinger obtained his equation by analogy with 

the connection between geometric optics, when light 

is treated as if it consisted of small particles, and 

wave optics, in which the wave nature of light 

determines its behavior. In geometric optics, the path 

of light me also be found with Fermat’s principle: 

Light travel from one given point to another in the 

shortest time.  This means that the phase of the wave 

light must vary as littler as possible from one point to 

another. The wave Z itself may be described as 

follows, 

𝑍 = 𝑎𝑒𝑖ѳ                         (7) 

where, 𝑍 is the wave function, a its amplitude, and ѳ 

its phase. 

Ignoring the wave nature of light and treating it as 

small particles, we are actually to find that ѳ 

corresponds to the action 𝑆 . Thus we write the 

approximation, 

𝜓 = 𝑎𝑒𝑖
𝑠

ħ            (8) 

The division by Planck’s constant is to make the 

argument dimensionless; both Planck’s constant and 

S have the same dimensions. 

The action S obeys the Hamilton-Jacobi equation, 
∂𝑠

∂𝑡
+

1

2𝑚
 

∂𝑠

∂𝑥
 

2

+ 𝑈 = 0                             (9) 

According to (8), 
∂𝑠

∂𝑥
= −

𝑖ħ

𝜓
(
∂𝜓

∂𝑥
)            (10) 

And making due allowance to the complex nature of 

(8), we write, 

−𝐸 +
1

2𝑚
 
∂𝑠

∂𝑥
 
∗

.  
∂𝑠

∂𝑥
 + 𝑈 = 0 

Thus, 

−𝐸 +
1

2𝑚
. (

𝑖ħ

𝜓∗
.
∂𝜓∗

∂𝑥
). (−

𝑖ħ

𝜓
.
∂𝜓

∂𝑥
) + 𝑈 = 0  

and, 

 𝑈 − 𝐸 𝜓∗. 𝜓 +
ħ

2

2𝑚
. ((

∂𝜓∗

∂𝑥
). (

∂𝜓

∂𝑥
)) = 0 = 𝑀        (11) 

Now, minimizing the intergral T according to 

Lagrange, 

𝑇 =  𝑀 𝑑𝑥 

=   𝑈 − 𝐸 𝜓∗. 𝜓 +
ħ

2

2𝑚
. ((

∂𝜓∗

∂𝑥
). (

∂𝜓

∂𝑥
)) ∂𝑥        (12) 

Thus, the Euler-Lagrange equation for 𝜓∗ gives, 

∂𝑚

∂𝜓∗ −
∂

∂𝑥
 

∂𝑀

∂ 
∂𝜓∗

∂𝑥
 
 = 0         (13) 

Or, 

 𝑈 − 𝐸 𝜓 −  
 ħ2

2𝑚

∂2𝜓

∂𝑥2 = 0                                    (14) 

which is the time independent Schrödinger Equation. 
 

4. Solving the time independent Schrödinger 

equation using DTM 

Definition 3.[13]: 
 Let 𝑦(𝑥)  be a given function, its differential 

transform method is given as follows, 

𝑌 𝑟 =
1

𝑟 !
 
𝑑𝑟𝑦 𝑥 

𝑑𝑥𝑟  
𝑥=𝑎

          (15) 

and the differential inverse transformation of Y(r) is 

defined as follows, 

y x =  Y r  x − a r∞
r=0                                      (16) 

the main properties of the DTM are organized in 

table 1. 

 
Table 1: 

 
 

 

According to (15) and (16) and to table 1 we now 

solve the Cauchy problem for the time independent 

Schrödinger equation (14). 

Let us now consider a moving electron inside a 

finite box [𝟏𝟒], whose dimensions are a,b, and c. The 

walls of this box are impenetrable, there is zero 

probability of finding the electron outside the box, or 

at its walls. The potential energy U of the electron 

inside the box is constant, we choose it to be zero to 

simplify the problem.  

Under these condition, 

U x,y,z = 0 

a > 𝑥 > 0, b > 𝑦 > 0   , c > 𝑧 > 0 

U 0, y, z = U a, y, z = U x, 0, z = U x, b, z 
= U x, y, 0 = U x, y, c = ∞ 
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the time independent Schrödinger equation could be 

written in the form,  
∂2ψ(x,y,z)

∂x2 +
∂2ψ(x,y,z)

∂y2 +
∂ψ(x,y,z)

∂z2 + k2ψ x, y, z = 0 (17) 

Which is a partial differential equation of the second 

order. For solving this equation we assume that the 

solution is of the form, 

ψ x, y, z = ψ x . ψ y . ψ(z) ≠ 0 

Thus, 

∂2ψ

∂x2
=

∂2ψ(x)

∂x2
. ψ y . ψ z  

∂2ψ

∂y2
=

∂2ψ(y)

∂y2
. ψ x . ψ z  

∂2ψ

∂z2
=

∂2ψ(z)

∂z2
. ψ y . ψ x  

Then, 

∂2ψ(x)

∂x2
. ψ y . ψ z +

∂2ψ(y)

∂y2
. ψ x . ψ z 

+
∂2ψ(z)

∂z2
. ψ y . ψ x 

+ k2ψ x). ψ y . ψ(z = 0 

dividing by: ψ x). ψ y . ψ(z we find, 

∂2ψ x 

∂x2
.  

1

ψ x 
 +

∂2ψ(y)

∂y2
.  

1

ψ y 
 

+
∂2ψ(z)

∂z2
.  

1

ψ z 
 + k2 = 0 

Assuming that, 

k2 = k1
2 + k2

2 + k3
2 

We find, 
∂2ψ x 

∂x2 + k1
2. ψ x = 0          (18) 

∂2ψ y 

∂y2 + k2
2 . ψ y = 0          (19) 

∂2ψ z 

∂z2 + k3
2. ψ z = 0          (20) 

We now solve equation (18) using DTM method.  

We assume that,  

T ψ x  = Ψ(n) 
We apply the DTM on both sides of (18), 

T  
∂2ψ x 

∂x2
 + k1

2. T ψ x  = T 0  

Thus, 
 n + 2 !

n!
. Ψ n + 2 + k1

2. Ψ n = 0 

And, 

Ψ n + 2 = −k1
2 .

Ψ n 

 n + 2  n + 1 
 

From the boundary conditions we know that,  

Ψ 0 = 0,Ψ 0 =
Ψ(0)

0!
 0 = 0 

For the even values of 𝑛 we notice that, 

n = 0 ⟹  Ψ 2 = −k1
2.

Ψ 0 

2
= 0 

n = 2 ⟹  Ψ 4 = −k1
2.

Ψ 2 

12
= 0 

And for the odd values,  

n = 1 ⟹  Ψ 3 = −k1
2.

Ψ 1 

3!
 

n = 3 ⟹  Ψ 5 = −k1
2.

Ψ 3 

20
=  k1

4
Ψ 1 

5!
 

To get an analytical solution of the equation we 

assume that, 

Ψ 1 =k1A1 

Then, we apply the inverse DTM, 

𝜓 𝑥 = 𝑇−1 Ψ n  

=  Ψ j . xj

∞

𝑗 =0

= Ψ 1 . x + Ψ 3 . x2 + Ψ 5 . x5

+ ⋯

= 𝑘1𝐴1𝑥 − 𝑘1
3.

𝐴1

3!
𝑥3 + 𝑘1

5
𝐴1

5!
+ ⋯

=  A1.
(−1)𝑛 . 𝑘1

2𝑛+1. 𝑥2𝑛+1

(2𝑛 + 1)!

∞

n=0

 

 

Thus, 

ψ x = A1. sin(k1x) 
We now generalize the solution to (19) and (20), 

ψ(y) =  A2. Sin(k2y) 
ψ(z) =  A3. Sin(k3z) 
Thus, the solution is, 

ψ(x, y, z) = C. Sin(k1  x). Sin(k2y). Sin(k3z)                    

: C = A1. A2. A3 

 

Conclusion: 

In this study we followed Richard Feynman's 

path integral formulation and used basic principles in 

Mathematics and Classical Mechanics to derive the 

differential time independent Schrödinger Wave 

Equation. For solving a Cauchy problem of the 

Schrödinger Equation for a moving electron inside a 

finite box we used the DTM method. Although this 

method is in general a numerical method for solving 

differential equations, we managed to obtain an 

analytical solution by proper assumptions of 

constants. The solution we presented could be 

generalized to solve a class of PDEs, upon which the 

DTM is applicable. 
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