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INTRODUCTION 

Almost all queuing systems in real life are subject to sudden breakdown or server vacations in case of human servers. Such 

breakdowns and server vacations adversely affect the system efficiency and customers waiting time. Many research papers have 

come up in the literature of queues on such failures and vacations. We want to refer to Gaver [1], Takagi [5], Tegham [6] and 

Madan [2, 3, 4]. 

In the present work, we deal with an M/G/1 queueing system which is subject to sudden random failures. As soon as failure 

occurs, the server instantly goes under repairs following a general repair time distribution. Besides, we assume that immediately 

after completion of service, the server has the option to take a deterministic vacation of constant length with a certain probability 

or an all-inclusive vacation of random period following a general distribution with a different probability. In this scenario, the 

server’s choice may include his option to take no vacation at all with a certain probability. 

We find impressive steady-state results in terms of generating functions fro different states of the system. The results for a few 

unusual cases have been derived.  

 

DESCRIPTION OF THE MATHEMATICAL MODEL 

 We assume single Poisson arrivals with mean arrival rate   

 The service time ‘S’ follows a general distribution.  Let  and respectively be the distribution function and the 

density function of the service time S and let  be the conditional probability of completion of service, given that the 

elapsed time is x , so that 

      and, therefore, b(x)=            (2.1) 
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 The server is subject to random failures. Let  be the probability that a breakdown will occur during the short time interval  

],( dttt 
. 

 We assume that a breakdown can occur only when the server is proving service and not when it is idle. 

 We assume that the customer whose service is interrupted because of a sudden failure returns at the head of the queue and 

waits until the repairs of the server are complete.  

 We assume that as the result of a breakdown, the server undergoes repair process immediately after the occurrence of a 

failure. When a breakdown occurs, the repair time ‘R’ follows a general distribution. Let  and  respectively be the 

distribution function and the density function of the repair time R and let dxx)(  be the conditional probability of 

completion of  repairs, given that the elapsed time is x , so that 

     and, therefore,               (2.2) 

  

 After completion of each service, the server has a choice of taking one of the two types of vacations with probability , or 

with probability 1 , the server may continue staying in the system. We further assume that the server has the choice of 

taking a type 1 vacation of random length following a general distribution with probability  or a type 2 vacation of constant 

duration d with probability ,  . 

 

 Let 
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respectively be the distribution function and the density function of the vacation time V and let 
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be the conditional probability of completion of  a vacation, given that the elapsed time is x , so that 
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         (2.3)        

 We assume that on completion of a repair or completion of either type of vacation, the server instantly takes up a customer (at 

the head of the queue) for service if there is a customer waiting in the queue. However, if on returning the server finds the 

queue empty, the server still joins the system and remains idle until a new batch of customers arrives in the system. 

 Various stochastic processes involved in the system are independent of each other 

 

DEFINITIONS AND EQUATIONS 

We define the following probabilities:  

 : probability that at time t there are n (0) customers in the queue excluding one customer in service with elapsed 

service time x. Accordingly,   denotes the probability that at time t there are n 0 customers in the queue 

excluding one customer in service irrespective of the value of x.   

   :  probability that at time t there are n 1 customers in the queue and the server is under repairs with elapsed repair 

time x. .Accordingly,  denotes the probability that at time t there are n 1 customers in the queue and 

the server is under repairs irrespective of the value of x.   

: probability that at time t there are  customers in the queue and the server is on type 1 vacation with elapsed 

vacation time x. deterministic repair time. Accordingly,  denotes the probability that at time t there are 

  customers in the queue irrespective of the state of the system. 

: probability that at time t, the server is on type 2 vacation with deterministic vacation time. 

 : probability that at time t there are n (0) customers in the queue irrespective of 

the state of the system. 

Q(t): probability that there is no customer in the system and the server is idle.  

Now, if the steady sate exists, we define the following limiting probabilities as the steady state corresponding to the probabilities 

defined above for the various states of the system: 
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We further assume that rK
 is the probability of r arrivals during the type 1 vacation period and therefore,  
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Next, we define the following Probability Generating Functions (PGFs) 

,  ,       (3.3)  

,  ,          (3.4)  

,  ,     (3.5)  

 ,  (3.6) 

,  .    (3.7) 

 

STEADY STATE EQUATIONS 

Applying the usual probability arguments based on the underlying assumptions, we obtain the following steady state equations:  

, , (4.1) 

,              (4.2) 

          ,(4.3) 

,              (4.4) 

, ,  (4.5) 

,         (4.6) 

, ,           (4.7) 

. (4.8) 

 

The above equations would be solved subject to the following boundary conditions: 

+ ,  

 

+         , ,        (4.9) 
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+ ,  

+ ,           (4.10) 

,   ,        (4.11) 

 ,  .       (4.12)   

 

STEADY STATE SOLUTION 

Applying the usual solution methods under the generating function approach, we obtain the following results:  

       (5.1) 

         (5.2)  

         (5.3) 

     (5.4)                                                                                                                          

 

Next, using the normalizing condition 

.                           (5.5) 

 

We obtain 

 

 

Note that the result (5.6) gives the probability that the server is idle and the stability condition that emerges from this result is 

given by 

 

 

 



5 
Citation: Kailash C. Madan, 2019. On a M/G/1 Queue Subject to Random Breakdowns with General Repair Times and Server’s Choice for Deterministic or 

General Server Vacations. Acquisition Advances in Natural and Applied Sciences., 13(2): 1-6. DOI: 10.22587/anas.2019.13.2.1 

 

 

Next, on substituting the value of Q from (5.6) into equations  

(5.1), (5.2), (5.3) and (5.4) we obtain 

 

 

This is the steady stae probability that the server is busy providing service to customers. 

 

 

This is the steady-state probability that the server is under repairs. 

 

 

This is the steady-state probability that the server is on type 1 general vacation  

 

 

This is the steady probability that the server is under type 2 vacation of constant duration. 

 

PARTICULAR CASES 

The following interesting cases can be obtained as follows:  

 

Case 1: Breakdowns and Only Type 1 Server Vacations 

We can put   and   in the main results found above. 

 

Case 2: Breakdowns and Only Type 2 Vacations 

In this case, we substitute    and   in the main results. 

 

Case 3: Breakdowns and No Vacations 

In this case, we substitute    in the main results. 

 

Case 4: No Breakdowns and Only Type 1 Vacations 
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In this case, we substitute   in the results of case 1.  

Consequently, we substitute     and  E(S),  

where E(S) is the mean service time.  

 

Case 5: No Breakdowns and Only Type 2 Vacations 

In this case, we substitute   in the results of case 2. 

 

Case 6: No Breakdowns and No vacations 

In this case, we substitute   in the results of case 3. 

 

CONCLUSION 

In this paper we studied a new model of a queueing system which is subject to random breakdowns as well as server vacations. 

The latest significant assumptions in the article are that the server has the option to take a vacation on completing every service 

and in addition,  if the server wishes to take a vacation, then he has the opportunity to take a deterministic vacation of constant 

length as it happens in some organizations who offer a fixed-length break, i. e. a lunch break to its employees or a general 

vacation of random length as it happens in many systems where the senior manager or a managing director may like to take a 

vacation of uncertain duration in order to attend to other essential jobs 

We have found the essential meaningful steady-state results in terms of probability generating functions in equations (5.1) to (5.6), 

the critical steady-state condition under which the steady-state exists in equation (5.7) and the steady-state probabilities of various 

states of the system in equations (5.8) to (5.11). Many meaningful and exciting results are derived cases 1 to 6. Hopefully, these 

new results will be an excellent addition to the literature of queueing theory. 
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