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 In this study, a simple approach is introduced to formulate a rock failure criterion for 

interpreting rock failure problems. The proposed criterion can be considered as a 

modification of octahedral shear stress theory and its validity conditions to produce a 
simple general equation that provides a criterion for rock failure taking the anisotropic 

nature and directional properties of rocks into consideration. This criterion is based on 

eliminating some of the limitations or restrictions encountered in various rock failure 
criteria, using stress invariants as analytical parameters. 
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INTRODUCTION 

 

 Various modes of rock failure have been studied 

by several investigators (Marin, 1957 ; Nadai,1950, 

1963; Berry, 1960; Brace, 1960, 1961; Jaeger, 1960, 

1968;  Murrel, 1963; McClintock and Walsh,1962; 

Farmer, 1968; Hoek, 1968, 1983;  Sayed Ahmed, 

1973; Tien and Kuo, 2001; Mostafa, 2003; Benz and 

Schwab, 2008; Saroglou and Tsiambaos, 2008; 

Chang and Haimson, 2012; Nekouci and Ahangai, 

2013 and Peng et al., 2014). All these investigators 

claimed that the rock failure criterion should satisfy 

the following requirements. (a) It should have good 

agreement with experimental rock strength values; 

(b) it can be expressed mathematically by simple 

equations; and (c) it should have the possibility of 

being extended to deal with anisotropic nature of 

rock failure. 

 Most previous analyses of failure or strength 

criteria of rocks have considered one or both of the 

following facts related to rock behavior. 

1. By assuming isotropic behavior in rock, the 

critical role of rock textural features is ignored.  

2. When tackling rock failure criteria, the principal 

stress is considered as a function of intermediate and 

minor principal stresses, and/or as a function of the 

normal stress at failure. 

 In this study, a simple approach is proposed for 

the formulation of a rock failure criterion based on 

octahedral shear stress theory, while maintaining and 

modifying some of the given restrictions. 

 

Theoretical Approach: 

 Two main theories have been introduced to 

describe yield strength in both isotropic and 

anisotropic materials: maximum shear strength 

theory and the distortion energy theory (known as 

von Mises-Hencky theory). The mathematical 

equation describing both theories is as follows: 

σt
2
     =  σ 1

2
 + σ 2

2
 + σ 3

2
 − σ 1 σ 2 − σ 2 σ 3 − σ 3 σ 1, 

(1) 

 where σt is the yield stress or failure strength in 

tension. Equation (1) can be re-arranged in the 

following form: 

2 σt
2
   =  (σ 1 − σ 2)

2
 + (σ 2 − σ 3)

2
 + (σ 3 − σ 1)

2
        (2) 

 Examinations of the failure criteria related to the 

ultimate fracture strength of isotropic materials have 

led to the introduction of various theories. These 

include: (a) the maximum shear theory for ductile 

material, (b) the maximum stress theory for brittle 

material, (c) theories of failure for materials with 

different tensional and compressional strengths, and 

(d) the Mohr theory of failure, which is 

recommended for most materials because of its 

conservative results. It would be preferable to have 

only one theory for dealing with rock failure. Mohr 

theory can define approximate failure of a material 

with different tensional and compressional strengths, 

whereas the other theories are not suitable for 

materials with directionally dependent strengths 

under an unconfined load, which generally is the case 

for rocks. The von Mises criterion is widely used for 

metallic materials with the same yield stress both in 

tension and compression; however, it gives a very 
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poor approximation to the real failure strength 

conditions of rocks. 

 

Proposed general failure theory: 

 In the development of a general failure theory 

suitable for anisotropic rocks, equation (2) was 

selected as a base for further modification because of 

its directional properties. Equation (2) is identical to 

the distortion energy or von Mises failure criterion if 

σt is considered to be the yield stress in tension 

(Nadai, 1950; 1963). The equation is also valid if one 

assumes failure to be a function of octahedral shear 

stress. Additionally, the equation represents a 

solution similar to the statistical average of shear 

stress on all slip planes of a polycrystalline 

aggregate, i.e., in the case of bi-axial stress (Marin, 

1957). 

 The present proposal assumes the following: 

(1) The failure of a rock is a function of the second 

stress invariant. This means that for a rock element 

subjected to tri-axial stresses, σx, σy, σz, it will be 

assumed that failure is a function of the second stress 

invariant function (i.e., σx σy + σy σz + σz σx). 

(2) The rock material is considered to be isotropic 

and without any directionally dependent properties; 

i.e., it has the same strength in tension and 

compression irrespective of the orientation of the 

load. The isotropic behavior of rocks, according to 

the maximum shear stress theory, assumes that when 

a rock behaves elastically, the ratio of tensile to 

compressive strength is almost unity; and rock failure 

is defined as an initiation of inelastic behavior in 

rock (Farmer, 1968; Roberts, 1977). 

 The criterion of failure for combined stresses as 

expressed in equation (2) that satisfies the 

requirement of stress invariants may be expressed in 

terms of compressive strength as: 

2 σc
2
   =  (σ1 – σ2)

2
 + (σ2 – σ3)

2
 + (σ3 -σ1)

2
,   (3) 

 Where σ1, σ2, and σ3 are the major, intermediate, 

and minor principal stresses, and σc is the failure 

strength in simple compression. 

 Equation (3) is suited for being adapted for rock 

failure formulation. Bear in mind that a proper 

modification for the rock failure condition 

represented by equation (3) requires the strength of 

both simple compression and tension to be the same 

(Sayed Ahmed, 1973; Roberts, 1977); this 

requirement has to be satisfied through further 

modifications. 

 

Modification for anisotropy: 

 An anisotropic rock has different properties in 

different directions. This nature is governed by the 

texture characteristics of rocks, which are the 

uncontrollable nature of rocks: the minerals forming 

rocks, the orientation of the minerals crystals and the 

interaction between different grains. 

 To take the anisotropic nature of the rock into 

consideration, the failure condition represented by 

equation (3) can be modified in the following way: 

 Rewriting equation (3) under general loading 

conditions results in the following form: 

2s
2

c
 
 = K

2
1 (σ1 – σ2)

2 
+ K

2
2 (σ2 – σ3)

2
 + K

2
3 (σ3 − σ1)

2
,  

(4) 

 where K1, K2, and K3 are factors defining the 

anisotropic behavior of rocks. 

 If the stress field has two dimensions, i.e., σ3 = 0, 

then equation (4) becomes: 

2 s
2

c   = (K
2

1+ K
2
3) σ1

2
 +(-2k

2
1) σ1 σ2 +(K

2
2 + K

2
1) σ2

2
, 

(5) 

which can be written as: 

2 s
2
c =  a

2
 σ1

2
 + b

2
 σ1 σ2 +c

2
 σ2

2
,                (6) 

where a
2
 = (K

2
1+ K

2
3) ,   b

2
 = -2k

2
1  and  c

2
 = K

2
2 + 

K
2

1.  

 Equation (6) indicates that a, b, and c are 

parameters with numerical values that can be 

evaluated from three simple strength tests of intact 

rocks. The various possible strengths that might be 

considered (i.e., the values of a, b, and c) can be 

found from the simple compressive and tensile 

strength of the tested rock specimens, using the 

following conditions: 

σ1 = sc1 for σ2 = 0, σ2= sc2 for σ1 = 0, and σ1= -σ2 = ss, 
 where 

 sc1 is the simple uniaxial compressive strength in 

the σ1 direction (i.e., the direction of applied load 

coinciding with σ1 and parallel to the bedding plane). 

 sc2 is the simple uniaxial compressive strength in 

the σ2 direction and at right angles to the bedding 

plane. 

 ss  is the shear strength of rock, considered to be  

equal to (sc1/√3). 

 When the values of a, b, and c in terms of 

uniaxial strength are substituted into equation (6), the 

generalized failure condition for anisotropic rocks 

can be represented as: 

s
2
c1 = σ1

2 
+ [1+ (sc1/ sc2 )

2
 – ( sc1/ss)

2
 ] σ1 σ2 + (sc1/sc2)

2 

σ2
2
   (7) 

 By substitution of the numerical values of sc1, 

sc2, and ss obtained from uniaxial experimental data 

of intact rock, equation (7) yields a general failure 

equation that takes the anisotropic nature of rocks 

into consideration. 

 To validate the proposed mathematical 

formulations, the average values of experimental 

results published by Sayed Ahmed et al. (1977) for 

12 right circular cylinders of marble tested under 

unconfined pressures have been used. The average 

values are: parallel to the bedding plane (sc1 = 900 

kg/cm
2
, st1 = 120 kg/cm

2
, ss = sc1/√3 = 520 kg/cm

2
), 

and at right angles to the bedding plane (sc2 = 750 

kg/cm
2
, st2 = 100 kg/cm

2
, ss = sc2/√3 = 433 kg/cm

2
). 

Considering that the uniaxial compressive strengths  

in both directions, σ1 and σ2, are not equal, and that 

the rock has equal tensile and compressive strength 

in the same directions (a condition that is not 

generally valid for rocks), and by expressing the 

experimental results of marble in terms of sc1 by 

substituting in equation (7), the following equation 

represents the anisotropic failure criterion of marble: 



3                                                 Hassan F. Imam and  Mohamed I. Sayed Ahmed, 2015 

Advances in Natural and Applied Sciences, 9(7) June 2015, Pages: 1-7 

σ1
2 
– 0.56σ1 σ2  + 1.44 σ2

2
  = (900)

2
/ (750)

2
     (8) 

 which can be represented graphically as in Fig. 

1. The interior of the ellipse defines the region of the 

combined stress where the rock material is safe 

against failure under static loading. 

 

 

 
σ1

2 
– 0.56σ1 σ2  + 1.44 σ2

2
  =   (900)

2
 /(750)

2
 

 

Fig. 1: Anisotropic failure envelope for marble using testing data of specimens cut parallel and at right angles to  

the bedding plane, as Sc1/Sc2 =1.2 and Ss = Sc1/ 3     

 

 Moreover, equation (7) can be reduced to equation (3) (the form of distortion energy theory) when σ3 = 0, 

Sc1 = Sc2 = Sc and Ss = Sc1/√3, i.e., the isotropic state. A plot of equation (7) using the same data, for Sc2/Sc1 = 1, 

and Sc2/Ss = 1.73 is shown in Fig. 2.  

 

 
σ1

2 
– σ1 σ2  + σ2

2
  =  1 

 

Fig. 2: Failure envelope of marble assuming isotropic behavior. 

 

 For comparison, the special case of equation (7) representing both the isotropic and anisotropic natures of 

marble using uniaxial testing data is shown in Fig. 3. Further analysis of Figs. 2 and 3 shows that this proposed 

approach still requires that the simple compressional and tensional strengths in a given direction must be equal. 

This means that further modification of equation (7) is required. 
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Dotted line :  σ1

2 
– σ1 σ2  + σ2

2
  =  1 

Solid line :  σ1
2 
– 0.56σ1 σ2  + 1.44 σ2

2
  =   (900)

2
 /(750)

2
 

 

Fig. 3: Failure envelope of marble assuming isotropic behavior compared to general failure envelope for  

considering anisotropic nature without directional properties. 

 

Modification for  tension: compression equality: 

 Although the anisotropic nature of a rock is 

being considered in equation (7), there are still some 

limitations for its application to rocks, i.e., it still 

considers that the compressive and tensile strength 

must be equal in a given direction. Thus, further 

modification of equation (7) is required to produce a 

more realistic rock failure criterion. To achieve this, 

equation (3) can be replaced by the following:

 

sf
2
 =  (σ1 – m)

2
 + (σ2 − n)

2 
+ (σ3 – i)

2 
 +q(σ1 − m)( σ2 − n) + (σ2 − n)( σ3 − i) + (σ1 − m)( σ3 − i),          (9)

                 
 

  

 

where m, n, i, and q are parameters that represent the 

directional properties of rocks, and sf is the failure 

strength of the rock. The values of m, n, i, and q can 

be determined experimentally, based on various 

requirements. 

 For example, for biaxial stresses, if the tensile 

strength in the σ1 and σ2 directions are respectively 

st1 and st2, then the compressive strength in the σ1 

direction is sc1 and the shear strength for the 

condition σ1 = -σ2 is ss . Equation (5), taking the 

anisotropic nature and directional properties of the 

rock into consideration, can be written as follows:

 

 

Sc1 St1=    σ 1
2
 - [2+{St1 Sc1+Ss (Sc1– St1) + Sc1(St1/St2)−St2}]σ1σ2+σ2

2 
 

 

 

           + (Sc1–St1)σ1 +[Sc1 (St1/St2)–St2] σ2                                                                                                         (10) 

                           

 

This means that from simple uniaxial tests on rock 

specimens, a failure strength criterion represented by 

equation (10) can be considered as a function of both 

the anisotropic nature of rocks and various strength 

properties. 

 Substituting published data from marble 

specimens into equation (10), a generalized failure 

equation with and without directional properties is 

represented by the following equation that is shown 

graphically in Fig. 4. 

 

 

σ1
2
 - 3.9 σ1σ2 + σ2

2 
+ 780 σ1 + 980 σ2 = (900X 120)/(750X100)                                   (11)

  

 

Ss
2 
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Dotted line : σ1

2 
– 0.56σ1 σ2  + 1.44 σ2

2
  =   (900)

2
 /(750)

2
 

Solid line : σ1
2
 -3.9 σ1σ2 + σ2

2 
+ 780 σ1 + 980 σ2 = (900 X 120)/(750X100) 

 

Fig. 4: Failure envelope of marble assuming anisotropic nature without directional properties (in gray), 

compared with failure envelope considering anisotropic nature with directional properties. 

 

 

If the rock behaves as an isotropic material, then sc = 

st  in all directions, and equation (10) is reduced to: 

st
2
 = σ1

2 
– [2 - (st/ss)

2
] × σ1 σ2 + σ2

2                                
(12) 

 By substituting the data for the tested marble 

into equation (12), the following equation is 

obtained: 

σ1
2 
– 1.95 σ1σ2 + σ2

2 
= 1

                                                           
(13)

 

 Equation (13) is a general failure equation for 

the tested marble, assuming isotropic behavior, and is 

represented graphically in Fig. 5. The proposed 

failure criterion satisfies the failure envelopes that 

represent the state of the rock behavior is shown in 

Fig. (6). 

 

  

 

 
Solid line : σ1

2 
– 1.95 σ1 σ2  + σ2

2
  =  1 

Dotted line : σ1
2 
– 1.95 σ1 σ2  + σ2

2
  =   (900)

2
 /(520)

2
 

 

Fig. 5: Clarifying differences in the failure envelope of marble assuming isotropic behavior (different strength  

values). 
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Dotted-dash line : σ1

2 
– 0.56σ1 σ2  + 1.44 σ2

2
  =   (900)

2
 /(750)

2
 

Fine dotted line :  σ1
2 
– 1.95 σ1 σ2  + σ2

2
  =  1 

Dashed line : σ1
2 
– 1.95 σ1 σ2  + σ2

2
  =   (900)

2
 /(520)

2
 

Solid line : σ1
2 
– 1.95 σ1 σ2  + σ2

2
  =   (750)

2
 /(433)

2
 

 

Fig. 6: Failure envelopes of marble according to the failure equations considering three states of behavior:  

isotropic, anisotropic without directional properties, and anisotropic with directional properties. 

 

Conclusions: 

 The modification of the octahedral shear stress 

failure criterion represented by 2 σc
2
 = (σ1 – σ2)

2
 + 

(σ2 – σ3)
2
 + (σ3 − σ1)

2
 has been shown to result in 

equation (10), similar to the relationship representing 

the failure resulting from the maximum distortion 

energy that a rock could sustain. It is also similar to 

the formulation of the statistical average of shear on 

the slip planes of polycrystalline aggregates. 

Additionally, it represents an expression for the 

effective stress used in formulating the stress-strain 

relationship in a plastic range according to the simple 

deformation criterion. All of this constitutes a basis 

for selecting the octahedral shear stress theory for 

modification. Moreover, equation (10) provides a 

simple tool for evaluating rock failure, taking into 

consideration its anisotropic nature and its directional 

properties as characterized by uniaxial testing results. 

The proposed criterion is a practical tool with a 

sound theoretical basis that can be used to understand 

the strength behavior of a rock and quantify it from 

simple uniaxial tests of intact rock samples. Also, it 

confirms that rock will fail when the magnitude of 

the stress in any direction exceeds its corresponding 

allowable level in that direction. 
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