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 Let us consider x1, x2,. . . . . . . . . . 
distribution having pdf [7]: f�x; a, θ� � 	
θ

 exp�� |���|
θ
�          -∞

 Where a ∈ (−∞,∞) and θ > 0 are location and scale parameters, respectively
 The Cumulative distribution function is given by 

F�x; a, θ� � 1 � 	
 exp ����θ
� 												

				
 exp ����θ
� 																					

 
2. Some Classical Estimators of the Scale P
 In this section, some classical estimators of the scale parameter 
Likelihood Estimator (MIE), Uniformly Minimum Variance Unbiased Estimator (UMVUE) and Minimum 
Mean Squared Error estimator (Min MSE). These estimates h
 Let x	,x
,………… , x� be a random sample of size n from a Laplace distribution, defined by (
likelihood function will be as followsL�x	, x
,… , x�; θ� � � 	
θ

�� exp �� ∑!"
 By taking the logarithm of the likelihood function, we get

ln L�x	, x
,… , x�; θ� � �n ln�2� � n
 Differentiating partially with respect to ∂ ln�x	, x
,… , x�; θ�∂θ

� �n
θ
' ∑ |x�()	

θ

 Hence, the MLE of θ denoted by 

θ*+,- � 	�∑ |x( � a|�()	                                                               
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A B S T R A C T  
In this paper we derived some Bayesian estimators of the scale parameter for the 
Laplace distribution under different loss function including the squared log error loss 
function, Quadratic loss function and Entropy loss function. Also some 
estimators have been obtained, such as Maximum likelihood Estimator, Uniformly 
Minimum Variance Unbiased Estimator and Minimum Mean Squared Error estimator. 
The estimators have been derived with considering two cases, one where the location 
parameter a,  is known and constant and the other where the location parameter is 
unknown and estimated it by median which is the Maximum likelihood estimator for
All estimators of the scale parameter are compared empirically through Monte Carlo 
simulation, depending on the mean square errors (MSE's). 
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> 0 are location and scale parameters, respectively. 
The Cumulative distribution function is given by  																for										x 2 a

																for											x . 3			4	                                        

the Scale Parameter when the Location Parameter is a Constant and Known
In this section, some classical estimators of the scale parameter θ have been derived, such as a Maximum 

Likelihood Estimator (MIE), Uniformly Minimum Variance Unbiased Estimator (UMVUE) and Minimum 
Mean Squared Error estimator (Min MSE). These estimates have been obtained as follows:

be a random sample of size n from a Laplace distribution, defined by (
likelihood function will be as follows � |�"��|!"56

θ
�                                                                     

By taking the logarithm of the likelihood function, we get 

� n ln θ� ∑ |x( � a|�()	
θ

 

Differentiating partially with respect to θ, and setting it equal to zero yields x( � a|
θ

 � 0 

denoted by θ*+,- will be: 
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 Which it can be written in the form: 

θ*+,- � 8�              ,               where T = ∑ |x( − a|�()	  ,                                                                   (5) 

 To find the distribution of T, Let × ~Laplace�a, θ�then [3] |x( − a| =  θW                                                                                                                            (6) 
 Where W is standard exponential with mean and variance equal to one. Hence 
T = ∑ |x( − a|~Gamma�n, θ�	��()	  , with the density: 

g�t� = D!E6FEG
θ

Γ�θ!  ,                 n, θ > 0                                                                                              (7) 

Then, E�T� = nθ    ,     Var�T� = nθ
 

Therefore, E�θ*+,-� = E �	
� ∑ |x( − a|�()	 � =  θ                                                                      (8) 

Hence, θ*+,- is an unbiased estimator for θ 

And  Var�θ*+,-� =  θK
�                                                                                                            (9) 

 It is easy to find UMVUE for the scale parameter of Laplace distribution, using the Cramer-Rao lower 
bound (for the variance of any unbiased estimator of θ). The Cramer- Rao lower bound is Ln I�θ�N�	 , where [9] 

I�θ� = −E � OK
OθK Log f�x; α, θ��, is the Fisher information in one observation from  f�x; α, θ�. 

 The second derivative of log f�x; α, θ� with respect to θ is 
OK

OθK Log f�x; α, θ� = 	
θ

K − 
|���|
θ

Q                                                                                                (10) 

So, I�θ� = 	
θ

K 

 Therefore, the Cramer- Rao lower bound is θK
�  , which is equal to the Var�θ*+,-�. 

 Note that,θ*+,-  is unbiased and efficient estimator for θ , then, θ*+,-  is Uniformly minimum variance 
unbiased estimator (UMVU) for θ. Hence, the UMVUE for θ is 

θ*R+SR- = 8
�                                                                                                                             (11) 

 Now, we can derive Minimum Mean Squared Error Estimator for θ as follows: 
 The statistic Y that minimizes L�Y − θ�
N, is the one with Minimum mean square error [10]. Hence, we can 

find the Minimum Mean squared error (MinMSE) estimator in the class of estimators of the form �y = 8
V�, 

therefore, 

MSEθ �8
Y� = E Z�8

Y − θ�
[  
                     = -�8K�

YK − 
θ-�8�
Y + θ
                                                                                   (12) 

 Taking the derivative with respect to c on the both sides leads to  ∂
∂c MSEθ \T

c] = −2E�T
�
c^ + 2θE�T�

c
  

Let ∂
∂c MSEθ \T

c] = 0 

Therefore, we get c = �n + 1� and hence  

θ*+(�+_- ) 8
�`	                                                                                                                    (13) 

 Is the Minmum mean square error estimator for θ. 
 The MSE for the three classical estimates have been derived as follows 

MSE�θ*+,- � = E Z�8
� − θ�
[ = �E �8

�� − θ�
 + var �8
��                                                  (14) 

Since θ*+,-  is unbiased estimator of θ. Therefor 

MSE�θ*+,- � = Var�θ*+,-� =  θK
� = MSE�θ*R+SR �                                                   

Now, we drive MSE for �θ*+(�+_-�, from (12), we have: 

 MSE�θ*+(�+_- � = -�8K�
YK − 
θ-�8�

Y + θ
                                               

Putting c = �n + 1� 

MSE�θ*+(�+_- � = θ
K

�`	                                                                                                               (15)            

It is easy to show that: 
MSE�θ*+(�+_- � ≤ MSE�θ*+,- � = MSE�θ*R+SR_ � 
 
4. Bayes Estimator using Jefferys Prior Information [7]: 
 Let us assume that, θ has non-information prior density, defined as 
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g ∝ dI�θ�                                                                                                                                  (16) 
 Where I�θ� represented Fisher information which defined as follows:  I�θ� � �nE �OK e� f��;�,θ�

OθK �   . Hence 

g�θ� = kh−nE �OK e� f��;�,θ�
OθK �                                                                                                 (17) 

g�θ� = kh−n �− ^

θK� = i

θ
√n                                                                                                 (18) 

 Now, combining the prior (18) with the likelihood function, we have the posterior distribution of θ with 
Jeffrey's prior information given by h�θkx� :  

 h�θkx� = l�θ�,�θ;�6�K……..�!�
m l∞n �θ�,�θ;�6�K……..�!�oθ   

 h�θkx� =
6

θ
!p6F�qr�∑ ks"Etk!"56

θ
u

m 6
θ

!p6∞n F�qr�∑ ks"Etk!"56
θ

uoθ
                                                                                               (19)     

  On simplification, we have  

 h�θkx� = �∑ |�"��|!"56 �!FE ∑ ks"Etk!"56
θ

θ
!p6

Γ��� =  8!FEv
θ

θ
!p6

Γ���       
 This posterior density is recognized as the density of the Inverse Gamma (IG) distribution: θ~IG�n, T�  
 
 5. Bayesian Estimators under Squared – Log Error Loss Function:                
 Brown (1968) proposed a symmetric loss function for scale parameter estimation, that is called squared log 
error loss function is 

l�θ*, θ� = �ln θ* −ln θ�
 = �ln xy
x�


                                                                                        (20)     

 Which is balanced, with lim l�θ*, θ� → ∞ as θ* → 0 or ∞.  
 A balanced loss function takes both error of estimation and goodness of fit into account but the unbalanced 

loss function considers only error of estimation. This loss function is convex for  
xy
x ≤ e and concave otherwise, 

but its risk function has a unique minimum with respect to θ*  [1]. 
 The risk function under the squared log error loss function (19) is given by 

R�θ* − θ� =  E ~L�θ*, θ�� = � �ln θ* − ln θ�
h�θ|x	 … … … . . x��dθ�
�

 
                   =  �ln θ*�
 − 2�lnθ*� E�ln θ|x� + E��ln θ�
|x� ∂Rsik

∂θ* = 2�ln θ*� 1
θ* − 2

θ* E��ln θ�|x� 

By letting    O��θ*�θ�
Oθ* = 0, the risk function of  squared log error loss function (20)  has minimum w.r.t.: 

    θ*_, = Exp~E�lnθkx��                                                                                                                        (21) 
 We get the Bayes estimator of parameter θ  under Squared-Log error loss function with Jeffrey prior 
information as: [1] 
θ*_, = ExpLln�∑ |x( − a|�()	 � − ψ�n�N  
θ*_, = ∑ |�"��|!"56Fψ�!�      

 
6. Bayesian Estimators under Quadratic Loss Function [1]: 
            De Groot (1970) [6] discussed different types of loss function and obtained the Bayes estimates under 
these loss function which is a non-negative symmetric and continuous loss function, which is defined as  

L�θ,y  θ� = � θ*� θ
θ

�
 = �1 − θ*
θ
�


                                                                                        (22) 

 Now, the risk function under the Quadratic Loss function (QLF) is given by: 

R��θ,y  θ� = E �1 − θ*
θ
�


                                                                                                   (23) 

 Taking the partial derivative for R��θ*, θ� with respect to θ*  and setting it equal to zero yields, θ*� which is 
minimizes the risk function of  QLF  we get     

θ*� = -�6
����

-� 6
�K���                                                                                                                  (24)       

Recall that:  �θkx�~IG�n, T�  
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 Then, we can easily prove that, �	x �x� ~Γ�n, T�	�, with, 

E �	
x �x� = �

8   , ver �	
x �x� = �

8K             

⇒ E � 	
xK �x� = ���`	�

8K = ���`	�
�∑ |�"��|!"56 �K            

 After Substituting, we get the Bayes estimator of parameter θunder Quadratic loss function with Jeffrey's 
prior information as: 

θ*� = ∑ |�"��|!"56��`	�                                                                                                                      (25) 

 From �25� we notice that the formula of θ*� is the same as θ*+(�+_- . 
 
7.  Bayesian Estimators under Entropy Loss Function:                                 
         Entropy loss function was first introduced by James and stein for the estimation of the variance –
covariance (i.e, Dispersion) matrix of the Multivariate normal distribution.  

 In may practical situations, it appears to be more realistic to express the loss in terms of the ratio 
θ*
x . in this 

case used the Entropy loss function which is defined as: 

l�θ* , θ� = z ��θ*x� − ln �θ*x� − 1�     ,   z > 0                                                                                    �26�  

 Then the Risk function under the entropy loss function is denoted by  R-��θ* , θ� is [5]. 
R-��θ* , θ� = E~L-��θ* , θ�� 
 Taking the partial derivative for R-��θ*, θ� with respect to θ*  and setting it equal to zero yields, θ*-� which is 
minimizes the risk function of  Entropy loss function . 

  θ*-� = ∑ |�"��|!"56�                                                                                                                   �27�    

 Notice that, the formula of θ*-� is the same as θ*+,- and θ*R+SR- 
 
8.    Maximum Likelihood Estimator of Location parameter a: 
 Let n independent and identically distributed samples x1, x2, ..., xn, the maximum likelihood estimator a� of a is the sample median [8], In a special case of the Laplace distribution given as following. 

f�x; a, θ� = √2
2θ e�√
|���|

θ            , x ∈ R 

f�x; a, θ� = 1
√2θ e�√
|���|

θ  

 Consider the likelihood function for n data samples [3] 

L�a, θ; x� = � 1
√2θ e�√
|���|

θ

�

()	
 

                = �√2θ���eE√K
θ

∑ |�"��|!"56  
 Take the log Likelihood function as L�a, θ; x� = Log�L�a, θ; x�� and we get 

L�a, θ; x� = −n ln�√2θ� − √2
θ

�|x( − a|
�

()	
 

 Take the partial derivative with respect to the parameter a 

∂L
∂a = √2

θ
� ∂|x( − a|

∂a
�

()	
 

 Which is equal to    = √

θ

∑ sgn|x( − a|�()	  

 Using the identity 
∂|x|
∂x = ∂√x


∂x = x�x
��	
 = x
|x| sgn�n� 

 To maximize the likelihood function we need to solve   

    = √

θ

∑ sgn|x( − a|�()	 = 0                                                                              (28) 

 In summary    a� = median �x	, … x��  is the  maximum likelihood estimator for any n                  
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8. Simulation Results: 
 In our simulation study, we generated I = 5000 samples of size n = 5, 10, 20,  50 and 100 from Laplace 
distribution to represent small, moderate and large sample size with different values of the scale parameter θ (θ 
=0.5, 1.5, ,and 3). 
 In this section, Monte – Carlo simulation study is performed to compare the methods of estimation by using 
mean square Errors (MSE’s) as an index for precision to compare the efficiency of each of estimators, where: 

MSE�θ*� � ∑ �θ*( � θ�
�()	 I  

 
8.1 The Results of Estimating the Scale Parameter � when the Location Parameter is known: 
 The results were summarized and tabulated in the following three tables for each estimator and for all 
sample sizes, when the location parameter is known.  
 
Table 1: Estimated Value and MSE of Different Estimates of the Scale parameter of the Laplace Distribution when θ � 0.5. 

Estimator 
N 

Criteria 
5 10 20 50 100 

MLE,ENJ, 
UMVU 

EXP 0.50168 0.50106 0.50197 0.50000 0.50048 
MSE 0.04910 0.02488 0.01275 0.00499 0.00249 

MinMSE, 
QJ 

EXP 0.41807 0.45551 0.47807 0.49019 0.49553 
MSE 0.04081 0.02254 0.01205 0.00490 0.00247 

SLJ 
EXP 0.55630 0.52721 0.51482 0.50514 0.50318 
MSE 0.06354 0.02828 0.01363 0.00512 0.00253 

Best Estimator QJ QJ QJ QJ QJ 

 
 The results in table (1) show that, Bayes estimates based under Quadratic loss function, Followed  by 
MinMSE  for all sample sizes.  
 
Table 2: Estimated Value and MSE of Different Estimates of the Scale parameter of the Laplace Distribution when θ = 1.5 . 

Estimator 
n 

Criteria 
5 10 20 50 100 

MLE,ENJ, 
UMVU 

EXP 1.50504 1.50318 1.50592 1.49999 1.50145 
MSE 0.44194 0.22392 0.11479 0.04495 0.02245 

MinMSE, 
QJ 

EXP 1.25420 1.36653 1.43420 1.47058 1.48659 
MSE 0.36730 0.20287 0.10842 0.04407 0.02219 

SLJ 
EXP 1.66889 1.58162 1.54446 1.51541 1.50954 
MSE 0.57189 0.25455 0.12269 0.04612 0.02278 

Best Estimator QJ QJ QJ QJ QJ 

 
 The results in table (2) show that, Bayes estimates based under Quadratic loss function, followed  by 
MinMSE  for all sample sizes.  
 
Table 3: Estimated Value and MSE of Different Estimates of the Scale Parameter of the Laplace Distribution when θ = 3 . 

Estimator 
n 
Criteria 

5 10 20 50 100 

MLE, ENJ, 
UMVU 

EXP 3.01009 3.00636 3.01183 2.99998 3.00290 
MSE 1.76775 0.89569 0.459174 0.17981 0.08981 

MinMSE, 
QJ 

EXP 2.50841 2.73305 2.868405 2.94116 2.97318 
MSE 1.46920 0.81146 0.433674 0.17629 0.08876 

SLJ EXP 3.33779 3.16324 3.088928 3.03082 3.01908 
MSE 2.28757 1.01821 0.490744 0.18447 0.09114 

Best Estimator QJ QJ QJ QJ QJ 

 
 The results show that, Bayes estimates based under Quadratic loss function, followed by MinMSE  for all 
sample sizes.  
 
8.2 The Results of Estimating the Scale Parameter � when the Location Parameter is Unknown: 
 The location parameter is estimated by the sample median as a Maximum likelihood estimator for the 
location parameter of Laplace distribution. 
 The results in table (4) show that, Bayes estimates based under Entropy Loss Function, followed by (MLE, 
UMVUE) estimator for all sample sizes.  
 The results in table (5) show that, Bayes estimates based under Entropy loss function, followed by (MLE, 
UMVUE) estimators for all sample sizes. 
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 The results in table (6) show that, Bayes estimates based under Entropy loss function, followed by (MLE, 
UMVUE) estimators for all sample sizes. 
 
Table 4: Estimated Value and MSE of Different Estimates of the Scale Parameter of the Laplace Distribution when θ � 0.5 . 

Estimator 
n 

Criteria 
5 10 20 50 100 

MLE,ENJ, 
UMVU 

EXP 0.43330 0.47290 0.48835 0.49475 0.49786 
MSE 0.04661 0.02434 0.01264 0.00499 0.00249 

MinMSE, 
QJ 

EXP 0.36109 0.42991 0.46510 0.48505 0.49293 
MSE 0.04858 0.02442 0.01256 0.00499 0.00248 

SLJ 
EXP 0.48048 0.49757 0.50086 0.49983 0.50054 
MSE 0.05223 0.02614 0.01315 0.00506 0.00251 

Best Estimator ENJ ENJ ENJ ENJ ENJ 

  
Table 5: Estimated Value and MSE of Different Estimates of the Scale Parameter of the Laplace Distribution when θ = 1.5 . 

Estimator 
n 

Criteria 
5 10 20 50 100 

MLE,ENJ, 
UMVU 

EXP 1.29991 1.41869 1.46506 1.48424 1.48424 
MSE 0.41952 0.21907 0.11374 0.04489 0.04489 

MinMSE, 
QJ 

EXP 1.08326 1.28972 1.39530 1.45514 1.45514 
MSE 0.43721 0.21980 0.11302 0.04492 0.04492 

SLJ 
EXP 1.44143 1.49272 1.50257 1.49949 1.49949 
MSE 0.47004 0.23526 0.11836 0.04556 0.04556 

Best Estimator ENJ ENJ ENJ ENJ ENJ 

 
Table 6: Estimated Value and MSE of Different Estimates of the Scale Parameter of the Laplace Distribution when θ = 3. 

Estimator 
n 

Criteria 
5 10 20 50 100 

MLE,ENJ, 
UMVU 

EXP 2.59982 2.83738 2.93013 2.96848 2.98717 
MSE 1.67810 0.87626 0.45206 0.17954 0.08953 

MinMSE, 
QJ 

EXP 2.16652 2.57944 2.79060 2.91027 2.95759 
MSE 1.74883 0.87920 0.45209 0.17966 0.08954 

SLJ 
EXP 2.88285 2.98544 3.00514 2.99899 3.00326 
MSE 1.88018 0.94104 0.47345 0.18224 0.09038 

Best Estimator ENJ ENJ ENJ ENJ ENJ 

 
In general, the results can be summarized as the following important points: 

When the location parameter is known, the best three estimators of θhave been showed in table (7) as 
follows: 

 
Table 7: The Best Three Estimators of the Scale Parameter θ when the Location Parameter is known. 

Rank of 
Performance 

Parameter (θ) 
0.5 1.5 3 

First QJ QJ QJ 
Second ENJ ENJ ENJ 
Third SLJ SLJ SLJ 

 
 From table (7), it is observed that, the performance of Bayes estimator under Quadratic loss is the best 
estimators, comparing to other estimators with all sample sizes, when the location parameter is known. 
 When the location parameter is unknown, the best three estimators of θ have been showed in table (8) as 
follows: 
 
Table 8: Three Estimators of the Scale Parameter θ when the Location Parameter is Unknown. 

Rank of Performance 
Parameter (θ) 

0.5 1.5 3 
First ENJ ENJ ENJ 

Second QJ QJ QJ 
Third SLJ SLJ SLJ 

 
 From table (8), it is observed that, the performance of Bayes estimator under Entropy loss is the best 
estimators, comparing to other estimators with all sample sizes, when the location parameter is unknown. 
3.  In case of the location parameter is unknown, the MSE for any estimator of the scale parameter is very 
slightly, greater than MSE for the corresponding estimator, and in case of the location parameter is known in all 
cases.  
4. for all estimates, (MSE's) of the scale parameter is increasing with the increase of the scale parameter value, 
with all cases. 
5. In general, the preference of Bayesian methods are the best compared to classical methods. 
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6. The classical estimators (MLE, UMVUE and MinMSE) for the scale parameter of Laplace distribution, 
showed, the performance of (MinMSE) is the best, for all cases, when the location parameter is known. 
 
Discussion: 
 The results of the simulation study for estimating the scale parameter �θ� of Laplace distribution when the 
location parameter (a) is unknown and known, are summarized and tabulated in tables (1, 2,3,4,5 and 6) which 
contain the Expected values and MSE's, we have observed that: 
• The performance of Bayes estimator under Quadratic loss function with Jeffery prior information is the best 
estimator for all sample size, when the location parameter (a) is known. 
• The performance of Bayes estimator under Entropy loss function with Jeffery prior information is the best 
estimator for all sample size, when the location parameter (a) is unknown. 
• The performance of classical estimator as MinMSE is the best, comparing to Maximum likelihood (MLE) 
and Uniformly Minimum Variance Unbiased Estimation (UMVUE), when the location parameter (a) is known. 
• The performance of classical estimator as Maximum likelihood (MLE) and Uniformly Minimum Variance 
Unbiased Estimation (UMVUE) is the best, comparing to MinMSE Estimation, when the location parameter (a) 
is unknown. 
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