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 Background: A novel approach for application of Model Predictive Control (MPC) 

concept in Direct Torque Control (DTC) of Permanent Magnet Synchronous Machines 

(PMSMs) is addressed in this paper. The objective is to optimally control the PMSM 
machine by maintaining the PMSM’s output torque and stator flux magnitude within 

predefined hysteresis bounds and minimizing the switching frequency in DTC drive to 

consequently minimize the power losses. The proposed MPDTC controller generates 
sequences of admissible control inputs while determining the feasible output 

trajectories over the given prediction horizon. The chains of candidate switching 

sequences are then branched using proposed two-fold state approximation MPC 
technique and a dynamic programming algorithm is applied to choose one particular 

optimal chain of switching sequences that minimizes a cost function subject to specific 

constraints that aim to minimize switching power losses. To verify the performance of 
proposed algorithm, simulations were run using accurate models of the PMSM motor–

drive system. The outputs display smoother torque and flux curves with reduced ripples 

during steady-state operation for proposed MPDTC controller in comparison with 
conventional DTC drive. 
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INTRODUCTION 

 

 Based on remarkable advantages such as low inertia, high efficiency, high torque-to-current and torque-to-

volume ratios (high power density), compact structure, fast dynamic response and reliability, the Permanent 

Magnet Synchronous machines (PMSMs) drives are replacing classic DC and induction machine drives in a 

variety of residential and industrial applications where fast and accurate torque response is required such as 

industrial robots and machine tools with high-performance servo drives. Many of these applications require 

minimum torque ripple, and reduced vibration and acoustic noise that urge the development of different control 

strategies [1-4]. A most recent commercial control schemes, Direct Torque Control (DTC) [5], was applied to 

control of PMSM drives in 1997 [6]. DTC uses no current controllers and no motor parameters other than the 

stator resistance, which yields a fast torque response and lower parameter dependence. However, there are some 

disadvantages like torque ripple, current distortion and variable and uncontrollable switching frequency. Many 

studies have been carried out in order to solve these shortcomings [7-12]. Moreover, recent advancements in 

DSP and processor design, has facilitated the implementation of predictive control algorithms in real-time 

applications of DTC drives of PMSM [13, 14]. 

 Model Predictive Control (MPC) [15], improves the behavior of DTC by defining an optimization control 

problem that replaces the switch table in classic DTC. The first attempts to adapt MPC concept to enhance the 

performance of the electrical drives were investigated in [16] where an analytical approach was implemented in 

solving the MPC problem for current and speed control. The Model Predictive Direct Torque Control (MPDTC) 

based on trajectory extension methods for torque, stator flux and neutral point potential was implemented to 

control the PMSM in [17]. While the idea of trajectory extension limits the achievable prediction horizon, in 

[18, 19] the MPDTC approach with finite control set is studied. Here, the cost function is designed to meet 
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multiple demands for Maximum Torque per Ampere (MTPA) tracking for high electrical efficiency and 

limitation of the states to their maximum admissible values. For the MPDTC algorithm to compensate for 

undesirable performance in unhealthy motors, fault tolerant strategy was applied in [20].  A load-angle 

limitation approach was studies in [21] for MPDTC control of surface-mounted permanent magnet synchronous 

motors. This strategy addresses the system nonlinearities from the cost function while protecting the machine 

from unstable performance. In [22] the control performance of MPDTC is improved by using a predefined look-

up table as a switching pattern for dead-time voltage vectors in different phase currents. This paper, on the other 

hand, addresses a novel concept with two-fold state approximation approach in model predictive direct torque 

control [23-25]. The proposed algorithm identifies the proper switching sequences for the inverter by 

considering all the admissible control inputs at every sampling instant. At every control horizon, the output 

trajectories are generated within the specific time interval. The feasible trajectories are determined and the 

switching sequences that generate these trajectories are identified. By quantizing the width of the hysteresis 

bound, the trajectories that lie inside each sector in bound are merged and the system states are limited for the 

next sampling instant. This policy limits the number of accessible states and respectively reduces the calculation 

burden. The algorithm moves forward in time producing various chains of switching sequences from which the 

optimal chain is chosen using dynamic programming [26] technique with regards to Travelling Sales-man 

Problem (TSP) concept. 

 The remainder of this paper is organized as follow: the problem formulation is investigated in CONTROL 

ROBLEM DEFINITION section. The permanent magnet synchronous motor and inverter models are presented 

in SYSTEM MODELING section and the proposed model predictive direct torque control with two-fold 

approximation policy are formulated in MODEL PREDICTIVE DIRECT TORQUE CONTROL section. In 

SIMULATION RESULTS section, the simulation results are discussed and the conclusion is summed up in 

CONCLUSION section respectively. 

 

Control Problem Definition: 

 The drive is intended to lead the tracking of reference signals such that the different between the actual 

output trajectory and the reference remains as close to zero as possible, *lim
t

y y 


  and  . Due to the 

finite number of admissible input signals 0  but it must remain ideally small. Furthermore, the outputs should 

be maintained within the upper and lower margins of predefined bounds while the ripples on outputs are 

minimized and the plant’s physical and operational limits on states and inputs are met. Hence, keeping 

electromagnetic torque trajectory around the reference value ,e refT within margins ,mineT  and ,maxeT  is the primary 

objective in this approach. Moreover, the magnitude of the stator flux (and respectively the maximum 

admissible current amplitude) has to be kept inside a hysteresis bound around a time-invariant reference value 

such that demagnetization and saturation are avoided. Above mentioned objectives serve the PMSM while the 

primary control problem relating to inverter performance is minimize the average power losses (or switching 

frequency). This is an essential criterion due to limitations in semi-conductor structure design, switching nature 

and excessive heat losses in switches of high-power applications. To reduce the torque ripples, on the other 

hand, one must increase the switching frequency and vice versa. So, finding techniques with which the torque 

ripples are reduced while the switching frequency is kept restricted would be a challenging control task. Hence, 

a cost function replicating these control objectives focusing on minimizing the average switching frequency is 

applied in this study. 

 

System Modeling: 

A. PMSM mathematical model: 

 With Park’s dq-transformation [27], the three-phase variables of the PMSM are converted onto the 

synchronously rotating reference frame. The transformation angle is set to the rotor’s electrical position angle 

  rP t (See Appendix A-I). For ease of modeling the rotor values are referred to the stator circuit. The 

dynamics of PMSM are described by two nonlinear subsystems i.e. the electrical and the mechanical subsystems 

[28]. The electrical equations are: 

0 1
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       (1) 

and,  

0
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       (2) 

 The mechanical subsystem is composed of the rotor and its bearings. Motion components synthesize the 

mechanical model of the PMSM as: 
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The developed electromagnetic torque and the stator flux magnitude are obtained through, 
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Solving (2) for 
dqi and substituting it into (1), the motor voltage equations are re-written for 

dq  as, 
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where, 
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B. The two-level voltage source inverter model: 

 The three-phase input voltages are generated by the two-level Voltage Source Inverter (VSI). Each inverter 

leg produces two distinct voltage levels 2 , 2DC DCV V  . By assigning the integers 0 , 1 to correspond 

to 2 , 2DC DCV V  respectively, the components of the input voltage vector  
3

[ ] 0 , 1T

abc a b cu u u u   

describe the switch positions of the inverter. The inverter’s output will be fed to the motor as stator voltage and 

is expressed in dq reference frame as, 

 
2

d DC

r

q

v V
P

v


 
 

 
abc

u        (9) 

C. Controller model: 

 The optimal control problem uses the discrete-time model of the drive to predict the behavior of the system 

in future. Combining the PMSM and VSI models from (7), (9) and by employing the typical sampling 

period 25sT s at every time-step k , the prediction model is formulated as,  

        1 r r s pmk Ax k P k T k      
1 abc 2

x B u B        (10) 

    k g x ky        (11) 

The coefficient matrices are given in Appendix A-II.  

The evolution of the rotor’s angular position in discrete-time is captured through, 

   1 .r r r sk k T             (12) 

The internal model of the controller is then summarized vectors of the space-state model as, 

   0 , 1 ,
T

abc a b cu u u u u          (13) 

,
T

r r

d q rx              (14) 

  ,
T

e sy T         (15) 

 

Model Predictive Direct Torque Control: 

 MPDTC drive inherits its core objectives from classical DTC while replacing the switch-table with a 

constrained optimal control tool (MPC) that enables the controller to anticipate the impact of its decisions on 

motor performance. Solving the MPC problem demands a lot of calculation efforts over long prediction 

horizons. In worst cases, full enumeration will be required to evaluate the optimal switching sequences. The 

algorithm proposed in this paper uses a two-fold state approximation policy to reduce the computational burden 

while keeping up with optimal evolution of the cost function. 
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A. Definitions: 

 Prediction Horizon (
pN ) is the period of time during which the drive’s outputs are predicted. 

 Control Horizon (
cN ) - during this time interval the input signal is frozen and the output trajectories are 

computed. In this study the control horizon is set 1cN  time-step. As expected
c pN N . 

 Feasible trajectory is an output trajectory that lies inside the hysteresis bound at the end of the control 

horizon
cN . (See Fig. 1) 

 Quantization factor ,jq j  / Partitioning / sector - for the purpose of approximation, the hysteresis 

bounds are laced longitudinally and evenly into equal strips along the prediction horizon using a quantization 

factor
jq  . This creates narrower bounds on the main hysteresis bound. As illustrated in Fig. 2, the width of the 

bound in conjunction with the sampling instant is called the sector. Each sector has a minimum and a maximum 

value. At each sampling instant, each sector is quantized by the minimum amount of the sector. 

 Approximation policy uses the feasible trajectory and quantization concepts to limit the number of output 

trajectories in choice of candidate sequences and consequently reduces the calculation efforts. At the end of 

every control horizon, the feasible trajectories are kept and the non-feasible trajectories are neglected from the 

rest of the procedure. The second stage approximation merges all the trajectories that end in one specific sector 

and quantizes the sector with one value at the beginning of the next sampling instant. This limits the quantity of 

accessible trajectories with jq . 

 

 
Fig. 1: (a) Feasible trajectories, (b) Infeasible trajectories. 

 

 
Fig. 2: Hysteresis bound is partitioned horizontally with jq , the sectors are quantized by the minimum value of 

the sector. 

 

B.  Two-fold state approximation policy in model predictive direct torque control: 

 In MPDTC algorithm, all input sequences are enumerated. The corresponding output trajectories are then 

configured while the relative switching cost is computed at every sampling interval. For reasonably long 

prediction horizons with many time-steps, full enumeration causes heavy calculations that must be handled in a 

short time interval 25sT s . For instance, with a two-level inverter and prediction horizon 20pN   time-

steps, the number of switch positions at the end of the first sampling interval will be 8 and in the end of the 

prediction horizon the full enumeration will produce 208  switching sequences. Running this evolution and 

exploring the optimal chain of switching sequence among the various available chains to minimize the cost 
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function is impossible considering the current available hardware. The method investigated in this study applies 

few accurate and reliable approximation concepts on system’s evolution such that the number of switching 

positions is reduced. 

 

C. Algorithm and Flow chart: 

 Considering the control horizon 1cN  , current state  x k , last switch position  1u k  , quantization 

factor , 8jq j  , and taking into account the constraints on hysteresis bounds and input variables, the next 

switch position  u k is computed by MPC controller following below procedure, 

1) The hysteresis bounds are laced longitudinally to equal strips along the prediction horizon pN using the 

quantization factor jq .The sectors are determined and marked respectively. 

2) The switching sequences    i iU k u k    are determined over the control horizon 
cN  and 

 1, 2,..., 8i I  . 

3) Using the prediction model (10), (11) the drive’s response      , 1i i iY k y k y k    is computed for each 

switching sequence from step 2. 

4) The feasible trajectories that end inside the hysteresis bounds are indicated at the end of the control horizon. 

The switching sequences that yield these trajectories are identified and referred to as the candidate 

sequences  i

cU k ; 
c ci I I  . 

5) At the end of the control horizon, the feasible trajectories that end in one sector are merged and quantized 

with the minimum amount of the bound width on each sector. This amount represents the system state at the 

beginning of the next sampling interval. Based on the pigeon-hole principle and by using the aforementioned 

quantization policy, the maximum number of the states will be limited by jq . Thus, for a two-level inverter with 

eight possible switch positions and the prediction horizon pN , the maximum switching sequences will reach 

8 j pq N  . 

6) At the next time-instant 1t k  , all the switching sequences    , ,1 1i m i mU k u k     are determined over 

the time interval 1t k  to 2t k  where  1,2,...,m j indicates the sectors that have hosted output 

trajectories from previous evolution procedure. 

7) The drive’s response      , , ,1 1 , 2i m i m i mY k y k y k      is predicted for each switching sequence over 

the control horizon from step 6. 

8) The process is then repeated to choose the feasible trajectories and candidate sequences during each 

sampling interval over the whole prediction horizon applying the proposed approximation policy. 

9) At every time transition, from 1t k  to t k , the switching loss ,i mc  is computed and saved for each 

switching sequence  iu k , 

   , , ,

11i m i m i mc u k u k           (16) 

10)  The resulted
, 1i mc  indicates a switching action (causing switching losses) in inverter while , 0i mc   

means no switching is performed at the relevant time transient. 

 At the end of the prediction horizon pN , the tree of feasible output trajectories is enumerated. Various 

chains of candidate switching sequences that compose this tree are determined from the time-instant t k  to 

pt k N  . The chains of switching sequences are explored iteratively throughout the prediction horizon. The 

total switching cost associated with each chain is proportional with the total number of switching transitions at 

every sampling instant, 
1

, ,
pk N

i m i m

k

s c

 



 


        (17) 

11)  Implementing a dynamic programming algorithm, the chain of candidate switching sequences with 

minimum switching losses is chosen as the optimal chain of switching sequences      * *i *i,..., 1
T

pU k u k u k N   
   

from, 

 * ,arg min i mU k s         (18) 
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 The optimization problem (18) is subject to constraints on hysteresis bounds, output (i.e. torque and stator 

flux magnitude) and input variables. 

12)  Out of this optimal chain, only the first component  *iu k  is applied to the motor as input voltage. At the 

next sampling instant, the procedure is repeated with a shifted prediction horizon implying the receding horizon 

policy. 

 

Simulation Results: 

 In order to verify the performance of the proposed MPDTC algorithm, a MATLAB program is developed 

and the simulations are carried out twice; the first case uses a classic DTC and the second case applies an 

MPDTC algorithm with state approximation policy to run the PMSM. The simulations run for 50000 time steps 

(1.25 seconds). However, for the sake of plot and visualization simplicity, the simulation results are drawn in the 

time period of 0.12t s  . The drive runs a 3kW, 6.9A PMSM with a two-level IGBT inverter. The machine’s 

parameters are stator resistance 2.875sR   , dq-components of the stator inductances 8.5d qL L mH  , 

magnetizing flux 0.175pm Wb  . The hysteresis bounds are identical in both controllers; the torque and stator 

flux references are set 30ecT Nm  and 1.2c Wb   while the upper and lower hysteresis margins are set to 

,max 31.5eT  , ,min 28.5eT   , ,min 1.17s  and ,min 1.23s  . 

 In the first case, and the DTC controller drives the motor to track the reference values for torque and stator 

flux magnitude. The output trajectories are drawn in Figs. 3a and 3b.  

 

 
(a) 

 

 
(b) 

 

 
(c) 

Fig. 3: Outputs for a DTC drive, (a) Torque, (b) Stator Flux magnitude, (c) Stator Flux trajectories in dq-plane. 

 

 In the second case, The quantization factor is 8jq  . The simulation starts at time-step t k  while the 

former control input is assumed    1 0 0 0
T

abcu k   . With the measured variables of the state vector 
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(k)x from former time interval, the proposed MPDTC controller runs over a prediction horizon 20pN  . The 

control objective is to keep the torque and stator flux within the given hysteresis bounds. The simulation results 

are drawn in Figs. 4a and 4b.  

 The dq-components of the stator flux trajectories for classic DTC and proposed MPDTC drives are 

illustrated in Fig. 3c and Fig. 4c during the overall simulation period of 1.25 seconds. As can be understood 

from the figures, the MPDTC controller produces the flux trajectories with better qualities and smoother edges. 

 

 
(a) 

 

 
(b) 

 

 
(c) 

Fig. 4: Outputs for a MPDTC drive, (a) Torque, (b) Stator Flux magnitude, (c) Stator Flux trajectories in dq-

plane. 

 

 To evaluate the accuracy of each algorithm in reaching the control objectives, an error factor av is used. It 

calculates the difference between the actual measured output variables and their reference values by a root mean 

square formula, 

   

 

max

2

1max

1
%100 ,

k
ref

av

t ref

y k y k

k y k




 
  

 
 

        (19) 

where av
 
is the percentagewise normalized variance of the output variable over the time 1t   to maxt k . The 

actual measured output is (k)y
 
and (k)refy

 
is the average of the upper and lower values of the respective 

boundary. The results of calculating the variance for torque and stator flux are listed in Table I for DTC and 

MPDTC schemes. 

 To establish a better understanding of the switching behavior of the inverter, the average switching 

frequency .avgf is calculated over a specific evaluation period. From (17), 
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 ,

.

1
,i m

avg

T

f s
T

        (20) 

with TT
 
being the specific period of time during which the average switching frequency is calculated. In this 

study the average switching frequency is calculated over a period of 0.35 seconds (14000 time-steps). The 

average frequency for DTC reaches 20543Hz while for the proposed MPDTC is only 17832Hz. The results 

verify that the proposed PMDTC method reduces the switching frequency by a rate of 13.19% in comparison 

with classic DTC. 

 
Table I: Outputs’ variance from their reference values. 

Technique Torque Variance Flux Variance 

DTC 4.523 0.041 

MPDTC 1.563 2.016 x 10-3 

Average variance reduction using Proposed MPDTC (%) 65.4% 95.08% 

 

Conclusion: 

 The proposed two-fold approximation approach for MPDTC drive provides high-accuracy performance for 

PMSM drive system. The core concept behind this method is to utilize an explicit discrete-time model of the 

system to predict the future behavior of the system while minimizing a cost function subject to a specific set of 

constraints. With evolution of output trajectories within every sampling interval inside the prediction horizon, 

the applicable chains of switching sequences are identified. A dynamic programming algorithm is then 

implemented to choose the optimum chain of switching sequences (which minimized the switching power 

losses) to apply to PMSM motor at the every sampling instant. With the next instant, the receding horizon policy 

is applied and the prediction horizon is shifted one step in future. The optimal control problem is then solved for 

the next sampling interval and the process is repeated over the whole simulation period to generate optimum 

control inputs. The two-fold state approximation policy together with the multi-objective nature of the 

controller, limits the search and evaluation process so that the calculation time and burden are reasonably short 

and practical. The overall control performance is evaluated by running simulations on precise models of PMSM 

during steady-state operation mode. The results were compared with behavior of classic DTC drives running the 

same PMSM machines. Considerable improvements in output ripple and switching frequency reduction verifies 

the advantage of proposed MPDTC controller over conventional DTC drives. 

 

Appendix: 

A-I) The Park’s transformation matrix on synchronously rotating reference frame, 

 

 

 

2 2
cos cos cos

3 3

2 2 2
sin sin sin

3 3 3

1 1 1

2 2 2

r r r

r r r rP

 
  

 
   

    
     

    
    

         
    

 
 
 

       (21) 

A-II) The matrices and vectors of the discreet-time drive model (10) are given as follows, 
 2 1 sZ Z T

A e


        (22) 

 1

2
sZ TDCV

e


 -1

1 1 2
B Z I        (23) 

   
1

A


   
2 1 2 1 2

B Z Z Z I        (24) 

with two dimensional identity matrix 
2I . 
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